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Math 4 Honors Name /; z / \:/;)—F) /
Lesson 3-3: Praperties of Rational Functions Date et~ * —

Learning Goals

e [ can identify asymptotes (horizontal, vertical, and obligue) for graphs of rational functions.
e [ can analyze rational functions.

I. Analyzing Local and Global Behavior of Rational Functions:

A. Introduction to Local Behavior and Jump Discontinuity:

e  When we observe the local behavior of a function f(x) around a specific value x = p, we look to
see if f(x) approaches a particular value as x approaches p t‘ro — the left and the
right-

Consider the graph of the function f(x) shown below.
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 Let’s examine the local behavior of the function f(x) around l.he vaiuc x=1,

y
A Imagine crawling along the graph
-+ 2 of f(x) to the left of x= 1. As you crawl
closer to the spot where x= 1, what y
value do you approach?

Complete:

2;.”- Lim_ f(x) = |
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3 x approaches 1 from the right (Notation:  x — @
Ay x approaches the right (Notatior A font
T 4 Now, imagine crawling along the graph P‘? _,‘Fr M Vd/
of f(x) to the right of x=1. As you crawl \ I ,S
4 38 closer to the spot where x = 1, what y
value do you approach?
+:
N Y Complete:
- [T TR I R Lim f (x ) = _3__
o T T N S e
y 1 2z 8 4 =

*#*Since the function doesn't approach the same value from both sides of x =1, we say that
f(x) has a jump discontinuity at x =1 . "

B. Local Behavior of Rational Functions
In this section, you will use your graphing calculator to explore rational functions - functions of the

form y = %, with f(x) and g(x)polynomials.
g(x

The table below contains several rational functions. Complete the missing values of the table by
analyzing the local behavior of each function at the location p specified in the table. The first one

has been done for you,

#+*Possible ways to do this: Make a fable (ctrl T) of values; Make a graph and use the frace
function to manually enter values around the p-value
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C. Practice
1. Based on the information you compiled in the table, what (if any) generalizations can you make

k,keN.

about rational functions of the form
x—-a

D ovor arond P GSympiotes /s
;?%'LC/ é%{;j/ ;’P/ﬁ’_}x—( emd beéﬁd;a(fffqm.-" 7;\_’(__‘

JAverst Jasiah e : S

-
2. Make a prediction about the local behavior of the rational function f(x)= —-}3 near the value
x
x = -2 . Use your graphing calculator to check your predictions.
L,lﬁ"} vAfﬂC)(): — o (/FW" %()() = w
- +
X2 X -2

1
(x—al)(x—ag}(x—aj)

a,,a,,a, € Z . Use the graph to predict the values ofa ,a,and a, .

where

3. Consider the graph of a rational function of the form f(x) =

|
!
/
|
|
i
4 T o
J
f
i
J
(

Check your prediction using graphing features of your calculator.

4. Construct your own rational function f(x)such that f(x) satisfies all 3 of the following
properties:

l \

a. Asx—>0+,y_.>_oo -~ yfqm‘s

b. Asx >0, y—> - f U A d(f\ﬂ:/rd’f’

e f-6)=-1 o 4 OV
u!fJ-f/

—'SL OVER >
‘(';X) j\ —] = 3
A == 2
K =-30 & =
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II. Removable Discontinuities

A. In the previous section, you focused much of your attention on rational functions with a constant

numerator. Rational functions of the form f(x)= L have jump
(x—a)x-a,)..(x-a,)

discontinuities at a,,a,,...,a, (i.e. the roots of the denominator).
e e

In this section, we'll examine rational functions with linear factors in both the numerator and
denominator. As you will see, rational functions such as these may or may not have jump
discontinuities.

» Consider the rational function f(x)= (x —2X 3 ). Simplify the algebraic expression.
What does this suggest about the graph of f(x)? _.P Cx ) =
A = X~ 2
ﬁ?%,ﬁ&d rs 4o be IMear ([Arscomtrmmons /l»ﬂ.,ﬁ)

hes o whel
With your graphing calculator, construct a graph of f(x) (prior to simplifying). Your graph

should resemble that of the linear function f(x) = x — 2, with one small difference. Complete the -
(x = 2)(x5)

following statements to learn more about the rational function f(x) = 525)

a. Asx—=5 ,y— 3

b Asx—5T, y > 5

c. Does f(x) have a jump discontinuity at x =57 Why or why not?
/UD' /BO#L tﬂfp/‘aq c‘\ 7_Z¥€ = AaanS—
(/" b/di/u..-t__. Oﬂc S

d. f(5)=¢

As you probably discovered, the graph of the rational f unction doesn't "jump” at x = 5. Since the
same y-value is approached from both sides, the function doesn't "jump".

However, since evaluating the function at x = 5 results in division by zero the function itself is
undefined at x = 5. (Make a table in your calculator and notice what happens when x=5.)

Because the graph breaks at x = 5, we still say that the function is discontinuous at x = 5. The graph
highlights an example of a removable discontinuity (some find it helpful to think of "removable"
discontinuities as values of x where "hgles" occur in the graph of the function).
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B. Practice:
(x? -2x —8)

1. Consider the rational function f(x)= T15x76)

a. Factor the numerator and denominator of the function. At what values of x will the function
have a removable dlscontmulty? —

——pfx): (:”{ ; ) (D, Whur X =~

\<+*s_)

b. Using the factored form of the numerator and denominator, simplify the function by

"cancelling out" like factors. The resulting function should be in the form %x_—% with

a#b. X - .',/ )
€exy = X+ 3

Think about it. You can use the "long division algorithm" to write the simplified form of the
function in a way that clearly illustrates locations of jump discontinuities. Here's an example

1
using the rational function g(x)= et

x-2
‘?1(46) 3{5)
dlf}() x—2ix—1 % (C?ﬂ)
-2 s0 x—1_1+ theresajumpatx=2.

) 00 x )
rix) 1
Note that graph of g(x) is actually the graph of — translated to the
%

right 2 units and translated up 1 unit.

¢. Complete similar steps to find the jump discontinuity of the function you wrote in part (b).
|
S S _ = "7
R+D TR = o X1~y Gz
_ )
=X +3D Xt D o =2
A

=7 g OVER >
wham AE=3
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2. Consider the graph below. An equation for the function that generates the graph may be wrilten
in the form f(x) = (x _(a )(';;; b)x )_ ©) where a,b,c,d,e € ¢ (with values not necessarily
x—d)x-e
po't% Lectors

‘i‘f(";mc*

distinct).

\"

NV
(AN =3xS
N (x-3)

Find values of a,b,c,d, and e that generate the graph. Check your prediction using graphing
features of your calculator. Make a table of values. Do you see where the Ir.’es occur?

a=1 L=> ¢=~| reb
A= b=3

3. Construct your own rational function f(x)such that f(x) satisfies the following 3 ply)?)rtics:

= K _(j_‘____w
a. ASX~>3,y—)w? 3 'FX)
b Asx >3, y>w )(x-3)7 e (x~3) (X- 5)
¢. A removable discontinuity exists at x =5.

Challenge: Modify your rational function to satisfy the above three properties and the
additional property listed below:
a K(a—- S ) o
foy=a Feryz Rom—tm=
(a2=32 (-5
KE2) — ¢
| += 2
7 (x-5) D N e
—((3( ) = | = — (-3 ) }<

{x~ 5} (YS_) k:&_}

Malke a table of values. Do you see where the hole occurs? Does f(2)=41

7= >/ %”5/
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[11. Essential Discontinuities
Up to this point we have addressed jump and removable discontinuities. There is one more type of

discontinuity when it comes to rational functions ... . . Essential!

A. Dig back into your Math 3 Honors archives . . . What is another term for an essential discontinuity?

ertical s ymp'r‘@#& /

o Explain what the source of an essential discontinuity is.
Qerces P Tha A g Pie ,(Q‘ICJ’M('J
¥1 ?&e‘}ﬁ'ﬁ“h' {ﬁgf 6_1..- '—fa.("?-.o,r.&‘
G L A ded )

o Is it possible for a rational function to have multiple essential discontinuities? Explain by
giving an example. X — 3

%5/ "A’X} = /x,:.;}f)("s_)(x-(‘p)
/
o Isit possibl; for a rational function t},%;; essential discontinuities? Explain by giving an
example. 4 x C - =
ol Aoy s (ZEXETR) —x3
, x>< ) ( snly removatle)

B. Refer to the function from part B, question 1 on page 5 of this packet.
|

i. How many essential discontinuities?

ii.” Write the equation(s) of it(them): KX = = ’5

_iii._Desctibe the local behavior around the vertical asymptote using the correct notation.
e . Rt N
L -"Q(-)‘C)z-*% L ;—Go&):/;»a
XK—> -3 x-> -3
IV. Horizontal and'OElique Asymptotes
A rational function will have either a horizontal or oblique asymptote.

50
50+x

A. Recall the coffee & cream function from the previous investigation: S(x)=

What is the equation of its.horizontal asymptote?

e

What is the theoretical erid behavior of the asymptote?

L__r'vv"\ )/ - = (_.-r\-fv‘\ y

X = o R=ipo
What is the theoretical end behavior of the function?
Oome AS =

Choriz. a5ymp. )
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. g ; 5~ 7
B. Recall the refrigerator function from the previous investigation: C(x)= oIt Ly

What is the equation of its horizontal asymptote? y = 7 2~

What is the theoretical end behavior of the asymptote?
L e (/ = 7=
= -

What is the theoretical end behavior of the function?

S prnn &5 horiz, QSy~fP .)/{/: 72

L \\
X o

C. Graph the following function: f(x) _Frx+6 2 | / (N
x—-2 & Q
What type of asymptote? () é i f "l E_ B %~ Lj/_
:// = X .&—'3
What is the equation of the asymptote? )
v =X+3
What is the end behavior of the asymptote? Fe3 o s "109 <~
L\M - L i
WA= = 2o
A—> "o / X = 02 y

What is the end behavior of the function?

S ama &S Thx oé/.‘?',,,_ﬁ, 4“5)‘/»1[;’) }/ =%t 3

2 —
D. Graph the following function: f(x)= 2—x+92x_7 = l — 9 S 4
x—

-
What type of asymptote? © L ? e é(_-js'\ @

What is the equation of the asymptote? -

7/ - L’D)x_-’“ 5 (Q/ maq.‘f)‘ué )}Oﬁa{_

What is the end behavior of the asymptote?

{,_r‘m I
X% Qu/ X—%ao\y ) ==

What is the end behavior of the function?

Same  ob ﬁ;;w Sywp. ) Y T Dx+S
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Summary of Horizontal and Oblique Asymptotes:

WITHOUT graphing, how can you predict if a rational function has .. ..
***fint: Think degrees of the numerator and denominator.

1. The x-axis for its horizontal asymptote?

gl ,_’A‘ o, < aﬂeé/{,ﬁ@vfcﬂe.mom,

2. A constant function for its horizontal asymptots

dé(’j,fze ot N . = 28 of JElndm

How do you find the constant value?

\\5-‘-16/<M L-,.ké) ! Mﬂﬂc{' Cae#;‘o'w%s Ekﬂ N o FEnom

3. An oblique asympto

te?
CQP-/‘Q_G—PJ’I(A.M. ons mort TAann Céeé‘f&

How do you'find the equation of the oblique asymptote?
Arvide

True or false. If false, explain why (you can use a counterexample if you like).

1. A rational function can have both a horizontal and oblique asymptote at the same time. F"L fsg >
’fﬂ-e.g-e. A<, ‘et g Ao fe 7t end beboovi o
You Cor et ha v ends &feo*"d‘\““"c“yt. Q@ ottt Valwt

odh 00 At iy SAn~< Flme, ———
2. A horizontal asymptote can be intersected by its function. S UL

3. All rational functions must have either a horizontal Wﬁ{ﬂ;rﬁﬁlotc. E"l /< &
Arsecowtanvis [rnear f-""“’?“ .
4. A rational function can have multiple vertical asymptotes. 7 il

5. Horizontal and oblique asymptotes determine the end behavior of rational functions. Z C' A R

6. The same value for x can be the source of a hole and a vertical asymptote for a rational function.
alse—

The A= ctor 7R OVER >

[ ,*CQI., 94;1;?‘-_ _ ——Rgri B =8 v 5 "
c7f (%4 . ,—G—x'} s X'__g B f%:dﬂ—’&_‘
W T ) M?,\ cllnor
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27’/,( b (x) = 57\’;“"3}(?”7
S "CC)‘}‘: 0 9 ) (x-3) %+3)
’ /x—fj(xﬂfj . -
Ha y=9© Hod s y =3 3
a4 XD X
ra x| Vi
i T T B PO S B S
& -
e
~3 7 —l, ‘ A
.4 \/--3y+7 O. A y:—jx-r3
VAL KT wA., X="3_
~ (=) _ (_9)14-5,)(‘5,/3
S S K (k) . §%I° (2% +3)
— Ak - c;lx'-Ff
x >+ 3
XA O, "k X #-3,3

)
,/)((k’*gx?'-ll) 2 o B A
C. hexyZ PYETZD A =) e YD
’ - 1
= X T xxS
XF ©)7! x # =5, |
, Lo (et 2 Xx=5) b e, KCa>-1)
é'(pj(f-s) (x-3XA<T2) = “Ylax—1) _ (2x)X =

(e +2Xx-5) (x+1)(x-8) X (>x-1) N (3x-() %; —
loy’= 30x4x” =X -B& = G x-of — 3X ~Tx _ f%u-x—'»f
(x40 )(X-S) YCax-1) Tl ax?-x

Ix” = Ble — L

(fw)i;-- 5'3 33 1 | L .. 3. /5|
x- orx-1 e — -~ 5% e
= Sxea xT loxP# 3x* - 2 Jfﬁi_,(
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§ o 2x-6x-2>© b evhse® . o x

C3x+1Y( ¥-2)= O (K-SAX-3) =0 O Xy ~ %

a g (2 +)£ X/ati)
FE5) (3] o ems

d. x- X-12=9 C. K- —) =0

B = x?+3x -1
(X~ HOK#3) =0 RAX 4220 Qued Formelss

L8 =)
{“X.-_«J 3(::2/ }”;(’;;-;Li b£7 < = -3t Ji3 !.

o= X - dx-1=x +x

=\
?* NLA-’( ] !
SN T O L -5 = , n +
K~2 = | - I 4 x__3 - + j + I +
X-‘_._l | 4 I -+ o !
W X"L»( - '}‘f -+
- e 4=
+ =
3 S 3 ol 4 g sl

| 4 ;] | :;_ -

X+ 3 P : X Axt) + [ +
“+- - |+

49 . ' ( X4 [ + 4
X - + f "f_ 1 ‘_!..r' x_ . ) = .

— 4T 3 4 + '
(-1,3) O[%,00) (=13
3l (X=-2 works,! X=-31s

L -

eﬁrw—«. C‘_ L ia/C I-‘*-_-

_ —rmlyoetutanen.  VIOl4es deomna i =3,
92c. foxy= Wxt? = A= b, Fexr= XXV xu
& VN7 feaxwa) Ko (%= 33> (D)
Mo zeros Zevoes! X< D{?;
froy = 4.5 . fcoy= O
Bote ) (2,7 ) (i
A ) , L fey) = - V. A Lo LM gz 0
VA XS = FoAXED X3
i ' - o , ,‘C | - . [ _
-q;; cX=-2 Lx':~;’" no ;j‘ ya gt Fx)= 02
& N
' - = " e : L;"“'\fp :"w
A4.: y=O —9;-:?M(°cx)-o~;:?1°(r) 3! 3 sl

=Xl R
i . = / L.«r;:”,(:(g] =
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